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We s tudy  the s y s t e m  of  d i f f e r e n t i a l  e q u a t i o n s  fo r  the  f luid v e l o c i t y  and f luid t e m p e r a t u r e  
in a t w o - d i m e n s i o n a l  channe l  and  a l s o  in a c i r c u l a r  tube in a r e g i o n  of  s t a b i l i z e d  hea t  
t r a n s f e r .  On the  tube  w a l l s  we s p e c i f y  b o u n d a r y  cond i t ions  of  the  s e c o n d  kind;  we a s s u m e  
tha t  the  v i s c o s i t y  depends  e x p o n e n t i a l l y  on the t e m p e r a t u r e .  We c o n s i d e r  the  cond i t ions  
u n d e r  which  o n e - d i m e n s i o n a l  n o n i s o t h e r m a l  f lows a r i s e .  

1. The m a j o r i t y  of  p r o b l e m s  in h y d r o d y n a m i c s  and hea t  t r a n s f e r  c o n c e r n e d  with f lu id  flow in t u b e s  
is  c o m p l i c a t e d  by  the fac t  tha t  a t r a n s v e r s e  v e l o c i t y  c o m p o n e n t  a p p e a r s  due to  the change  in v i s c o s i t y  a long  
the tube length ,  (see  [1, 2]). I t  is  of  i n t e r e s t  to f ind a c l a s s  of  n o n i s o t h e r m a l  f lows which  r e m a i n  o n e - d i -  
m e n s i o n a l  in sp i te  of  the l ong i t ud ina l  v i s c o s i t y  g r a d i e n t .  The  p r o b l e m  c o n c e r n i n g  hea t  t r a n s f e r  and h y -  
d r a u l i c  r e s i s t a n c e  c o n s i d e r e d  in [3] is  an e x a m p l e  of such  a c l a s s ;  o u r  a im  in t h i s  p a p e r  is  to  m a k e  e x -  
p l i c i t  some  c o m m o n  r e g u l a r i t i e s  i n h e r e n t  in such  f lows .  

We a s s u m e  tha t  we l l  beyond  the  e n t r a n c e  to a c y l i n d r i c a l  tube ,  wi th  a s u f f i c i e n t l y  s m o o t h  c o n t o u r  
f o r i t s  c r o s s  s e c t i o n ,  a flow r e g i m e  is  e s t a b l i s h e d  wi th  the  fo l lowing  p r o p e r t i e s :  1) the  v e l o c i t y  f i e ld  in the  
d i r e c t i o n  of  the  x ax i s  i s  o n e - d i m e n s i o n a l ,  i . e . ,  Vx=V(y , z); 2) the  t e m p e r a t u r e  p r o f i l e s  at e a c h  s e c t i o n  
x = c o n s t  a r e  s i m i l a r  to  one a n o t h e r ,  i . e . ,  t (x ,  y, z ) = A x + t l ( y  , z) (A ~0) .  

We a s s u m e ,  f u r t h e r ,  t ha t  the  v i s c o s i t y  of  the flow m a y  be a p p r o x i m a t e d  by an e x p o n e n t i a l  funct ion  
of  the  t e m p e r a t u r e :  

tt / ~t o ~ e -[~(~-ta (,Uo, ~ -- const) . (1.1) 

When d i s s i p a t i o n  is not  t a k e n  into accoun t  the  s y s t e m  of  equa t ions  of  m o t i o n  and hea t  t r a n s f e r  has  
the  f o r m  

oP o 

L a y  ] + 
OP OU OP OU 
OY =--r176 OY ' 3Z ---~e-~(":+~ OZ 
hO= Pe U ( A ~  O-'tOY'--u O'-/OZ-') 
X =  x / l ,  Y :  g f  l, Z =  z l  1, U =  ~'/ U o 
O :  t 1/ AI, P :  pl / [t0U 0, Pe : Uol / a, ot : ~Ai . 

Here  p is  the  f lu id  p r e s s u r e ;  a is  the  coe f f i c i en t  of  t h e r m a l  d i f fus iv i ty ;  U o is  the  m e a n  outf low r a t e  
of the f luid;  and I is  the  c h a r a c t e r i s t i c  d i m e n s i o n  of  the  c r o s s  s e c t i o n .  

We can  e l i m i n a t e  the  v e l o c i t y  f r o m  the  f i r s t  t h r e e  equa t ions  of  the  s y s t e m  (1.2) and  so ob ta in  an e q u a -  
t i on  fo r  the p r e s s u r e :  

AP = -- ~oP / ox  . (1,3) 

S e p a r a t i n g  out the  e x p o n e n t i a l  f a c t o r ,  P (X, Y, Z) =F(Y,  Z) e x p ( - - a X ) , w e  have  the  fo l lowing  equa t ion  
fo r  the  func t ion  F(Y, Z): 

AF = a2F. (1.4) 
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F r o m  the  s e c o n d  and t h i r d  equa t i ons  o f  the  s y s t e m  we ob t a in  

D (F, U) D (0, U) (1.5) 
D ( Y , Z )  - -  D ( Y , Z )  " 

Since the  f lu id  s p e e d  a long  the  b o u n d a r y  of  the  f low r e g i o n  v a n i s h e s ,  i t  fo l lows  f r o m  Eq. (1.5) tha t  
the  func t ion  F(Y,  Z) i s  c o n s t a n t  a long  the  p e r i m e t e r  of  the  c o n t o u r  and on the  i s o t h e r m s .  In o t h e r  w o r d s ,  
f o r  the  e x i s t e n c e  o f  a n o n i s o t h e r m a l  flow wi th  the  p r o p e r t i e s  1 ) a n d 2 ) i t i s  n e c e s s a r y  tha t  the  p r e s s u r e  and 
s p e e d  o f  the  f lu id  be  c o n s t a n t  on the  i s o t h e r m s  o f  the  f low.  

T r a n s f o r m i n g  the  s y s t e m  (1.2) wi th  the  a i d  of  Eqs .  (1.3) and (1.4), we r e d u c e  i t  to  the  f o r m  

d U  _ _ _ t  :,o d~O . dO (1.6) 
d F  -- - -  a e , ~ 1  grad F l" u:F ~ := Pe U . 

In  o r d e r  t ha t  the  s e c o n d  equa t ion  of  the  s y s t e m  (1.6) be s a t i s f i e d ,  i t  i s  n e c e s s a r y  to  a s s u m e  tha t  

i gradF I z = ~ (F) (1.7) 

s i n c e  the  r e s t  of  the  t e r m s  depend  only  on F .  

Thus ,  f o r  the  d e t e r m i n a t i o n  of  F(Y, Z) we have Eq.  (1.4), wi th  the  cond i t ion  tha t  F(Y, Z) be c o n s t a n t  
on the  c o n t o u r  of  the  tube  c r o s s  s e c t i o n ,  and a l s o  the  a d d i t i o n a l  cond i t i on  (1.7). The so lu t i on  o f  t h i s  p r o b -  
l e m  is  w e l l  known [4, 5]: the  b o u n d a r y  c o n t o u r  and the  flow i s o t h e r m s  m u s t  be c u r v e s  of  c o n s t a n t  c u r v a -  
t u r e .  

On the basis of these results we can assert that a one-dimensional nonisothermal fluid flow with an 
exponential dependence of the viscosity on the temperature, with heat transfer by convection taken into ac- 
count, does, in fact, exist in a two-dimensional channel, in a circular tube, and between coaxial circular 
t u b e s .  

2. F o r  f low of  a f lu id  in a t w o - d i m e n s i o n a l  c h a n n e l  and in a c i r c u l a r  tube  Eq. (1.4) has  an e x a c t  s o l u -  
t i on  r e l a t i v e  to which  we e a s i l y  o b t a i n  the  fo l lowing  s y s t e m s  o f  equa t ions :  

F o r  the  t w o - d i m e n s i o n a l  channe l  

dU d:O 
d Y  - -  - -  (13 ch crY -4- C sh ~Y) e ao, dY'- = Pe U 

P(X, Y ) :  (Ccha:Y~ BshaY)e - : ~ x "  (2.1) 

F o r  the  c i r c u l a r  t ube  

d U  
d R  ~ (BI1  (c~R) 4-  CK1 (:~R)) e :~~ 

c~O 1 dO 
-~- Pe U (R u X'-' 4- ye) d R  ~ R d R -  = 

P (X, R) ~-- (BIo(ff, R ) ~-  C1t'o(czl:l))e-XX,, (2 .2)  

H e r e  I0(otR) , I i (~R)  , K0(otR) , K i (~R)  a r e  B e s s e l  func t ions  of  an i m a g i n a r y  a r g u m e n t .  We note  s e v e r a l  
c o n s e q u e n c e s  of  the  s y s t e m s  o f  e q u a t i o n s  (2.1) and  (2.2). 

F o r  t h e  f r i c t i o n a l  f low s t r e s s  in the  t w o - d i m e n s i o n a l  c ha nne l  and in the  c i r c u l a r  tube  we have ,  r e -  
s p e c t i v e l y ,  

G / G w = s h a Y ] s h a ,  G / G w = I I ( q . R ) / t x ( o ~ )  (2.3) 

w h e r e  G w is  the  f r i c t i o n a l  s t r e s s  a t  the  wa l l .  

I t  i s  i n t e r e s t i n g  to  note  t ha t  the  r e l a t i o n s  (2.3) do not  c on t a in  the  P e e t e t  p a r a m e t e r  Pe and t h a t  t h e y  
a r e  c o m p l e t e l y  d e t e r m i n e d  by  s p e c i f y i n g  the  p a r a m e t e r  ~ ,  which  i s  p r o p o r t i o n a l  to  the  t h e r m a l  l oad ing  on 
the  w a l l .  When  a - - 0  the  r e l a t i o n s  (2.3) r e d u c e  to  w e l l - k n o w n  l i n e a r  r e l a t i o n s h i p s .  

When ~ i s  s m a l l ,  the  a s s u m p t i o n  m a d e  in [2] c o n c e r n i n g  r e p l a c i n g  the  a c t u a l  t a n g e n t i a l  s t r e s s  by  a 
l i n e a r  s t r e s s  i s  w e l l  j u s t i f i e d  i f  the  t h e r m a l  w a l l  l o a d i n g  is  not  v e r y  l a r g e .  
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For  the sys tem of equations (2.1) we can display a pa r t i cu la r  solution having a physical  meaning.* 
When B =0, I C I = - C ,  it is easy  to ve r i fy  d i rec t ly  that the functions 

sat isfy the equations (2.1). 

i 6u~ 3a 
0 = - ~ I n  PeICIch3aY ' U Pech ~uY 

le 

2. 

3e 

4. 

5. 
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